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Abstract. We consider a general class of discrete nonlinear Schrodinger equations 
(DNLS) on the lattice /iZ with mesh size ?t > 0. In the continuum limit when 
h — > 0, we prove that the limiting dynamics are given by a nonlinear Schrodinger 
equation (NLS) on M with the fractional Laplacian (—A)" as dispersive symbol. 
In particular, we obtain that fractional powers | < a < 1 arise from long-range 
lattice interactions when passing to the continuum limit, whereas the NLS with the 
usual Laplacian —A describes the dispersion in the continuum limit for short-range 
or quick-decaying interactions (e.g., nearest- neighbor interactions). 

Our results rigorously justify certain NLS model equations with fractional Lapla- 
cians proposed in the physics literature. Moreover, the arguments given in our 
paper can be also applied to discuss the continuum limit for other lattice systems 
with long-range interactions. 



1. Introduction 

In the present paper, we show how PDEs with fractional Laplacians (—A)" can 
be rigorously derived as the continuum limit of certain discrete physical systems with 
long-range lattice interactions. In fact, this theme is of interest in the recent physics 
literature, where only formal arguments are presented; see, e. g., P [HI [III [Sj [Q [12]. 
In this work our rigorous arguments are for the derivation of these nonlocal continuum 
dynamics in the case of fractional NLS-type equations, for the sake of simplicity. But 
in fact, the arguments developed below will have applications to continuum limits for 
other types of discrete evolution equations with long-range interactions. 

As a specific physical example, we take a family of models for charge transport in 
biopolymers like the DNA; see, e.g., [H [12]. Here, the starting point is a discrete 
nonlinear Schrodinger equation (DNLS) with general lattice interactions as follows. We 
consider a 1-d lattice /iZ with mesh size h > 0, which is assumed to be less than some 
fixed small constant: h < ho ^ 1. Moreover, we denote Xm = hm with m G Z in the 
following, and we consider discrete wave functions : M x hZ — !■ C that satisfy the 
discrete NLS-type equation of the form 

(1.1) l—Uh{t,Xm)=h2_^ ■ — -^^ ±\Uh[t,Xm)\ Uh{t,Xm). 

QjZ \Xjn Xyi\ 

Here < s < 00 is a fixed parameter controlling the decay behavior of the lattice 
interactions. In fact, we will formulate below a generalized version of problem (|l.ll) . 
where we allow for more general interaction terms of the form I3[h)~^ J{\n — m|), where 
J is defined below, in place of the kernel h{\xm — aJnl)"'^^^*'. 
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Indeed, the discrete NLS equation (jl.ip can be viewed as a family of models for 
quantum particles on a lattice with a three wave interaction set up which gives rise to 
the cubic nonlinearity, where the + sign represents a repulsive on-site self-interaction 
and — describes the focusing case. We consider the cubic interaction for simplicity, but 
what follows can be easily generalized to different nonlinearities. In terms of DNA, the 
cubic nonlinearity models a self-interaction for a base pair of the strand with itself, and 
the summation term models interactions between base pairs decaying like an inverse 
power of the distance along the strand [T^]. The complex coiling of a DNA strand in 
three dimensions is what makes it plausible for base pairs to interact with others even 
a long distance away. 

We are interested in the continuum limit, ft. ^> 0^, where we expect that Uh tends 
(in a weak sense specified below) to a solution u — u{t, x) of the fractional NLS of the 
form 

(1.2) idtu = c{~l^)°'u±\u\^u 

with M : M X M — > C, a constant c depending only on s, and a depending on s appropri- 
ately. Here, as usual, the fractional Laplacian (—A)" on R is defined via its multiplier 
|fcp" in Fourier space. Our main results in Theorem 12.11 below show that the solution 
Uh{t, Xm) of the discrete equation tends in the limit ft. — >■ O"*" to u = u(i, x) solving (|1.2|) . 
where the following holds. 

• For s below 1 in (II. 1|) . the long-range interactions in the discrete NLS-type 
equation remain long-range in the continuum limit, producing a fractional NLS 
with a nonlocal character coming from the Laplacian of order a = s. 

• For s above 1 in (jl.ip , the interaction strength decays quickly enough that only 
local effects survive in the continuum limit, which is exactly the "classical" 
NLS, a = 1. 

• For s = 1 in ()1.1|) . we get the classical NLS in the continuum limit, with a 
logarithmic factor appearing in the scaling constants, see e.g. (|2.7p below. 

This should be compared with numerical evidence in the physics literature that says 
there is a critical value Sc, numerically calculated to be near 1, above which the behavior 
of the discrete long-range interactions is qualitatively like the (non- fractional) NLS [5j . 

2. Formulation of the Main Result 

We start by introducing a broad class of discrete evolution equations, thereby gen- 
eralizing problem (|1.1|) . On the discrete one-dimensional lattice ftZ, we consider the 
evolution problem for the discrete wave function Uh : [0,T) x ftZ — > C satisfying the 
initial value problem 
(2.1) 

d 1 

i-r;'^h{t,X„i) ^ -T7T-r J\n-rn\[uh{t,Xm) - Uh{t,Xn)\ ± \uh{t, Xm)\'^ Uh{t, X„^) 

UhiO, Xm) = Vhixm), Xm = mh with m G Z. 

Here we use the notation J„ = J(|ri|) to indicate the sequence, Vh ■ hZ — C is a given 
initial datum, and /3(ft) > denotes the scaling factor depending on the lattice spacing 
constant ft > 0. In fact, for a suitable choice of f3{h) > depending on the behavior of 
J = {Jn)^=i for large n, we will see below that the evolution problem ()2.ip exhibits a 
reasonable behavior in the "continuum limit" as ft — )■ 0^. It turns out that it is natural 
to assume that J — (J„)^i belongs to the class K-s for some < s ^ +oo, which we 
define as follows. 
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Definition 2.1 (Interaction of class ICs). Let J — (Jn)$?Li be a sequence with J„ ^ 
for all n ^ 1 . We say that J is an s- kernel, or J G ICs with < s < oo if 

lim n^^'^'^Jn ~ A for some finite A > 0. 

n— >oo 

Moreover, we say that J is an oo-kernel, or J £ /Coo */ 

lim n^+2V„ = for all s>0. 

n— ^oo 

Remark 2.1. 1.) The pure-power case J„ — \n\^^^'^'^ clearly satisfies (Jn)^i G K-s- 
2.) Any ( Jn)5^i G /Coo provided that J„ ^ for only finitely many n. In particular, 
the case of nearest-neighbor interactions when J„ = 1 for n = ±1 and J„ = else 
belongs to /Coo- Note also that the class of exponentially decaying Jn ^ e~™ with some 
c > belongs to K.oa- 

Assuming that J = {Jn)'^=i belongs to JCs for some < s ^ +oo, it follows from 
standard arguments, see Proposition 14. 1 1 below, that we have global well-posedness for 
the initial-value problem (|2.1[) in the space L\ defined as 

Ll = {vh e C*^ : {vh,vh)l ■.= hY^ \vh{xra)\'' < +oo}. 
In addition, it is straightforward to check that (I2.ip exhibits conservation of energy 

E(uh) = ^ J\n^yn\\uh{Xm)-Uh{Xn)\^ ^^^WhiXni)^^, 

and conservation of the (discrete) L^-mass given by 

N{uh) = \Un{Xjn)\ 
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(2.2) 



Here, the overall factor of /i > appearing in E{uh) and N{uh) is a convenient con- 
vention when we discuss the continuum limit when /i — > 0^. 

Associated to (j2.ip . we now turn to its tentative continuum problem for the wave 
function u : [0, T) xM — > C. More specially, we consider NLS-type initial- value problems 
of the form 

idtu — c(— A)"w ± 
u{0,x)^v{x), M:[0,r)xM^C. 

Here c > is some fixed constant determined below, and (—A)" denotes the (fractional) 
Laplacian on K given by its Fourier multiplier where we assume that < a ^ 1 

holds in what follows. Note that a = 1 corresponds to the "classical" NLS, whereas the 
range < a < 1 can be regarded as "fractional" NLS. In the focusing case when the 
minus sign stands in front of the nonlinearity in (|2.2p , there exist ground state solitary 
wave solutions. For uniqueness (and further properties) of such ground states, we refer 

tog. 

Regarding the well-posedness for (|2.2p . we record the following simple fact. 

Proposition 2.1. Suppose that 1/2 < a ^ 1, c > 0, and let v £ H"-{M.) be an initial 
datum for (|2.2p . Then the initial-value problem (|2.2p has a global unique solution 
u e C'^([0, cx)); 77"(]R)). Moreover, we have conservation of energy and Lp'-mass given 
by 



(2.3) S{u) = U Il(-A)-«± i / \u\\ N{u) = / 
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Finally, we have the following global a-priori bound 
(2.4) Wuh^Hs ^CiuiO)). 

Proof. Thanks to the Sobolev embedding i7"(M) C L°°(R) when a > i, this follows 
standard arguments of abstract evolution equations; see, e.g., [2]. Indeed, by a simple 
fixed point argument, we deduce existence and uniqueness of u G C°([0, T]; i7"(R)) 
solving (|2.2p for T > sufficiently small, by using the integral equation 

u{t) = e-**(~^)% - i f e~'^t-s){-Ar |m(s)|2u(s) ds. 



Note that the map u H' is locally Lipschitz on H°'{R) C L°°(IR) when a> \- This 
shows local well-posedness for (|2.2|) . Moreover, it easy to check that £{u) and M{u) are 
conserved quantities. Finally, the global a-priori bound sup^^o ^ C(u(0)) follows 

from conservation of £{u) and Af{u) combined with the fractional Gagliardo-Nirenberg 
inequality 

H^^ci I |(-A)tuh"" ( / H^' 



Using now the a-priori bound supj>Q ||u|l_f/a ^ C, we deduce that any local solution 
u e C°([0, T]; i7"(M)) extends to alftimes t^O. □ 

Remark 2.2. The above well-posedness result for (|2.2p can be easily generalized to 
power-type nonlinearities f(u) = ±|up'^u with < cr < -\-oo, instead of ±\u\'^u. More 
precisely, one obtains local well-posedness in H^{M.) with £ ^ a, and the solution u G 
C^{[Q,T); H^{M.)) extends globally in time in the case when f{u) = — jup'^M with < 
a < 2a (focusing L^-subcritical case) or when f{u) = -\-\u\'^"'u with any < a < -l-oo 
(defocusing case). 

Let us now formulate the main result. Given a lattice function fh : hZ — )• C, we 
define (see also fS', Chapter V] and [15 ) its piecewise linear interpolation ph : M. ^ C 
to be given by 

(2-5) {Phfh){x) ■■= fh{x„i) + {D+ fi,){x„^){x - x,„), for x e [x.^, a;„+i). 
Here denotes the discrete right-hand derivative on /iZ defined as 

{Dlfh){x,n) • 

On the other hand, given a locally integrable function / : M — > C, wc define its dis- 
cretization fh '■ hlj — > C by setting 



1 



(2.6) fh{xm) ■= — f{x)dx, with Xm = rah and m G Z. 

It is easy to see that ||/ft||i,2 ^ II/II2 (see Lemma l3.6p . Moreover, as we will detail 
below (see Lemma 13.61 and Lemma 13. 7p some straightforward calculations combined 
with interpolation theory show that 

\\phfh\\H^ ^C\\f\\H^, 

for every ^ a ^ 1, where C > is some constant independent of ft, > 0. 
The main result of this paper now reads as follows. 
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Theorem 2.1 (Continuum Limit). Let J ~ {Jn)'^=i G A^s for some ^ < s ^ +00, 
where we assume that Ji > holdsB Furthermore, we define 

s, for i < s < 1, 
1, for s ^ 1. 

Now suppose that v G i/"(M) and consider its discretization Vh '■ hi — !■ C defined as 
in (j2.6l) . Finally, let uu — Uh{t,Xm) denote the corresponding unique global solution to 
(|2.ip with initial datum Vh € Lf^ given by Proposition below, where we choose 



/or i < s < 1, 



2 

^2 



(2.7) m { i-\ogh)h', fors^l, 

K^, for s > 1. 

Then, for every < T < +00 fixed, we have the convergence 

PhUh u weakly-* in L°°([0, T]; i7"(R)) as h ^ 0+. 

Here u G C*'([0, 00); iJ"(M)) is the unique global solution of the initial-value problem 
with a > ^ defined above and some constant c > that only depends on J. 



Remark 2.3. We also expect a similar weak-* convergence result in the range j ^ s ^ 
i. Note that for s < j, the cubic nonlinearity \u\'^u becomes supercritical. Moreover, 
for s = ^ the problem (|2.2I) becomes -critical and thus a smallness condition on the 
initial datum v must be imposed to have global well-posedness in H^{M^); see [7]. Also 
note that for < s < -^j it is presently not known whether the initial value problem (j2.2p 
is locally well-posed in i/''(R). In particular, the continuum limit may depend on the 
chosen subsequence hn ^ 0- Furthermore, as a related problem, it would be desirable 
to understand the case of higher space dimensions d ^ 2. 

In some sense, some arguments we use below hinge on the fact that we require 
_ff*(K'') C L°°(R'^), which forces us to assume that s > ^ and d — 1 at the mo- 
ment. We leave the extension to higher space dimensions or small s as an interesting 
open problem. 

Plan of the Paper. This paper is organized as follows. In Section [3l we introduce a 
class of fractional Sobolev type norms on the discrete lattice hZ. Moreover, we prove 
some uniform embedding and interpolation estimates that are uniform with respect to 
the lattice constant h E (0, ho] with < ho < 1 being some fixed constant. In Section|4l 
we discuss the discrete evolution problem (|2.ip . Furthermore, we derive a-priori bounds 
for Uh — Uh(t,Xjn) that are uniform in h € (0, /iq]- Finally, we prove Theorem 12.11 in 
Section [S] by convergence results for the discrete equation derived below, combined with 
a suitable weak compactness arguments (inspired by the work of Sulem-Sulem-Bardos 
|15j on the Landau-Lifshitz equation). 

In Appendix A-C, we collect and prove some technical results needed in this paper. 

Acknowledgments. We are grateful to the anonymous referee for carefully reading 
our manuscript and improving our paper. 



This is a convenient and physically reasonable assumption, saying that at least neighboring lattice 
sites interact. 
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3. Preliminaries 

In this section, wo state and prove some technical results that will be needed in the 
proof of Theorem 1. Throughout this section, we suppose that < /iq < 1 is a fixed 
constant and we consider the family of lattices hZ with h G (0, ho]. All constants C > 
appearing in the following inequalities can be chosen to depend only on fto > 0. 



3.1. Discrete uniform Sobolev inequalities. In the following, we denote x.^ = mh 
with TO S Z. For sequences Uh^Vh G C''^, we define the inner product and norm 

{vh,Uh)Ll '■= Uh{Xm)vh{Xm), ||w?»||^2 := {uh,Uh)Ll, 

mez 

and we set Z/| := {uh € C''^ : ||uh||i2 < +00}. For Uh € Lj^, we define its Fourier 
transform u/j : [— tt, tt] ^ C by 



meZ 

Since Uh € Lf^, we have iih € tt, +7r]). Moreover, we have the inversion formula 



/27r 

and Parseval's identity gives us 



Uh{xm) = ^=l Uh{k)e'"''' dk, 



{vh,Uh)Ll =h Vh{k)uh{k)dk. 

J —TT 

Using this observation, we introduce the following fractional Sobolev type norm for 
lattice functions Uh € L^. Let < a < 1 be given. We define the norm for 
Uh e L\ by setting 

(3.1) llu^lll,. :=ft r\l + h-^^\k\^^)\uH{k)\^dk 

J— IT 

Clearly, we have ||w?t||jjo = ||u?i||i2 . Also, we note that < +00 for any Uh& L\. 

h h 

However, we shall need precise uniform bounds as /i ^ 0+. 

Remark 3.1. Note that ||u/i||^f^ < CHu/iUz/p for ^ cr ^ p < 1, where the constant 
C > is independent of h > 0. Furthermore, by a simple interpolation argument, we 
deduce that 

II II ^ II ll<''o/f|i i|l— o'o/o' 

h h 

/or < (To < o- < 1. 

We have the following (discrete) Sobolev estimate that is uniform in /i > 0. 

Lemma 3.1 (Discrete uniform Sobolev inequality). For every ^ < a ^ 1, there exists 
a constant C = C{a) > independent of h> such that 

Wuhh^ ^ C\\uh\\H- 

for all Uh e Ll- Here = sup^g^ \u{xm)\- 
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Proof. By the Fourier inversion formula and the Cauchy-Schwarz inequahty, 



with some finite constant C = C{<j) > independent of ft, > 0. □ 

Next, we prove the following discrete Gagliardo-Nirenberg type inequality uniform 
with respect to ft > 0. 

Lemma 3.2 (Discrete uniform Gagliardo-Nirenberg inequality). Define the discrete 
norm = e^X^m \'Uii{xm)\'^)^ ■ Then for any j < ao ^l, there exists a constant 

C — C{ao) > independent o/O < ft ^ fto such that 

\\uH\\Lt^C\\u,rHt\M\\-r^% 

h. h 

for every (Tq ^ f ^ 1 • 

Proof. Using the Hausdorff- Young inequality and Holder's inequality, we conclude that 

\MXrn)A ^ C |u/.(fc)|'/' dk^ ' 



^c(^J^\l + h-^-'>\k\^-'>)\uH{k)\^dk^ 



1/2 



dk - 



_^ (l + ft-2'^o|fc|2<To)2^ 

sc:Cft-i/4h,J|^.o, 

h 

where C — Ciuo) > is independent of ft > 0. This is the desired estimate when 
cr = ctq holds. To complete the proof of Lemma 13.21 for ctq < f ^ 1; we simply use the 
interpolation estimate from Remark 13.11 above. □ 

3.2. Discrete Energy Norm and Estimates. Throughout this subsection, we as- 
sume that the sequence nonnegative numbers J — {Jn)^=i satisfies the following con- 
ditions: 

(Al) J e ICs for some < s ^ +oo; 
(A2) Ji > 0. 

Next, we define the linear operator : L\ L\ by setting 

(3.2) {Ciuh){x„^) := -^JT- ^ J\m-n\ [uh{Xm) " Uh{Xr,)\ 

Here and in what follows, we choose /3(ft) to be given by 

ft^**, if J e Ks with some < s < 1, 

(3.3) P{h) = { (-logft)ft2, if ,/ e /C^ with s = 1, 
ft2, if J e /Cs with some s > 1. 
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Note that we always impose (without loss of generality) that < h ^ ho < 1 holds. In 
particular, we have that /3(/i) > is positive. By changing the summation index, we 
deduce that 

(3.4) {£(uh){Xjn) = -^Ij-r ^ J\n\ [uh{Xm) " Uh{Xm " Xn)] ■ 

Clearly, the operator is bounded on with \\£'luh\\Ll ^ C/3{h)~^\\uh\\Llj using 
that the sum X^^i '^n finite. Also, we easily check that £^ is self-adjoint; that is, 
we have that {C'l)* = C'^ holds on L^. Furthermore, a simple calculation shows 

(3.5) ^^'''^'^'^''^^l^ 2M1) ^ J\n\\uh{Xm) -Uh{. 



Xm Xrfi j 



Since J„ ^ by assumption, this shows that £j[ ^ is nonnegative as an operator. In 
particular, for any Uh ^ L\, we can define the norm 

(3.6) \\uh\\]j.j^ ■■= {uh,Uh)Ll + {uh,Ch'^h)Ll 

Below, the norm 11 • 11 rj,; will play the role of an energy norm for the discrete evolution 
problem (j2.1l) . We have the following norm equivalence uniform in ft, > 0. 

Lemma 3.3 (Uniform Norm Equivalence). Suppose J — (Jn)^^i satisfies (Al) and 
(A2) above for some < s ^ +00 with s ^ \ . Let 

(3.7) f^rQ<s<l, 

[ 1 , for s ^ 1 . 

Then there exist constants A,B>Q independent of h > such that 

A\\uh\\HS ^ hh\\Hi^B\\uh\\H^^, 

for all Uh G Lf^. 

Proof. By using (j3.4p together with the Fourier inversion formula and Parseval's for- 
mula, we notice that 



{uh,L,^Uh)Ll= h j J(J^\^h^^')\ 
where 

00 

uj{k) — 2 J„ [1 — cos(nfc)] . 
In view of the definition of || • ||^f^ it remains to show that, for |fc| ^ tt and ft > 0, 

(3.8) A{1 + ft-2"|fc|2") <:(^ + ^B{1 + ft-2"|fc|2") , 

for some constants A^B > Q independent of ft > 0, where we define a = s for < s < 1 
and a — 1 for s > 1. 

Le us first prove the lower bound in inequality p.8p . From Lemma IA.1[ we recall 
that 

(3.9) a;(fc) C|fc|2", for |fc| fco. 
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with some constant C > and fco > sufficiently small. Furthermore, using that 
(1 — cosz) ^ for all 2 e M and (1 — cosz) ^ -^z^ for \z\ < tt, we find that 

oo .J 

(3.10) a;(fc) = 2^ J„[l-cos(nA:)] ^ ^/c^ for |fc| ^ tt. 

Note that Ji > by assumption. Combining the lower bound in p.9p with p.lOp and 
using that a ^ 1, we infer that 

(3.11) uj{k) ^ (5|A:|2", for |fc| ^ tt. 

Here 6 = min{f , ^|fcoP"^"} > with C > taken from Using ((3lT1) and 

recalling that I3{h) — /i^", we derive 

1 + ^ ^ 1 + <5/j-2"|fc|2" ^ A (1 + /i-2"|fc|2«) ^ 

for all < tt and /i > 0, where we also used that (1 + <5|zp") ^ >1(1 + |zp") for all 
z e M with the constant A = min{(5, 1} > 0. This shows that the lower bound in p.Sp 
holds. 

To prove the upper bound in ()3.8|) in the case s ^ 1, we argue as follows. First, by 
the upper bound in (13. 9p . we conclude that, for all h > 0, 



(3.12) <^Ch-^°'\kP'^ i^C(l + h-^''\k\^°'), forlfcUfco. 

On the other hand, we recall the global upper bound uj(k) ^4 ■^n ^ C for |fc| ^ vr. 

Hence we find that, for any h > 0, 

(3.13) ^ ^ <^ C(l + /l-2a|fc^|2a) ^ ^(^^;j-2a|^|2a)^ for|fc|>fco- 
/3(/l) 

Combining now p.l2p and p. 131) . we deduce that the upper bound in (13. 8p holds. This 
completes the proof of Lemma 13.31 □ 



Next, we treat the special case when J — (J„)^i belongs to ICg with s = 1. 

Lemma 3.4 (Norm equivalence for s = 1). Suppose that J — {Jn)'^=i satisfies (Al) 
and (A2) above with s = 1. Then we have 

WAh'I ^ c\W\\hi, 

with some constant C > independent of h > 0. Moreover, for every < cr < 1 and 
ho > sufficiently small, there exists a constant K > independent of < h ^ ho such 
that 

\Mm^K\\u\\Hj. 



Proof. Similar as in the proof of Lemma 13.31 we have to show that 

(3.14) A{1 + h-'^kn ^(^1 + ^) ^B{1 + h-'\k\^) , for |fc| ^ tt, 

with some constant A > 0, which may depend on < cr < 1, and some constant B > 
independent of ft, > 0. Recall that f3{h) = —{logh)h^ > 0, since we can assume that 
< h ^ ho < I holds. For later use, we recall from Lemma [A. II the bound 

(3.15) -c(log|A:|)|A:p <c:c^(fc) <c:-C(log|fc|)|fc|2, for \k\ ko, 

where c > and C > are some constants and /cq > is sufficiently small. Note that 
c > 0, C > and fcp > only depend on J = {Jn)^^i- 
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First, we prove the upper bound in p.l4|) . If we now let z = h ^\k\ with \k\ ^ fco, 
then the upper bound in ()3.15|) gives us 

^^(^) / ^|log(ML 2 ^|l0g2; + l0g/lL 2 ^ „ /|logz| 2 , 2 



/3{h) \logh\ \\ogh\ \\^ogh\ 

we will show that 

(3.17) J!^^z2 ^ C(l + z^), for z ^ h-^ka and < /i < /iq < 1, 
|logft.| 

where C > only depends on fco > and ho > 0, which allows us to conclude that 

(3.18) ^^C(l + z2) ^C(l + /i-2|fc|2)^ for|fcKfco, 

with some constant C > that only depends on /ig > and fco > 0. To show p.l7p . 
we first note that |logz| z^ ^ C for z ^ 1 and hence 

J 2 < < for z < 1 

\logh\ ^ \\ogh\ ^ llog/iol' 

using also that |log/ip^ < |log/io|~^ for < h ^ ho < I. On the other hand, we have 
that z I— >■ I logz| is monotone increasing on the interval [1, h~^ko]. Therefore, 

llog^l 2 < |log(fe~^feo)| 2 ^ [log fe- log fco I 2 
\\0gh\' ^ \logh\ ' \\0gh\ ' 

+ tiM] ^2 cz^, for 1 s; z h~^ko. 



|log/»o| 

Combining the previous estimates, we see that p.l7p follows. 

To complete the proof of the upper bound in p. 141) . we recall that w(fc) ^ C for 
|fc| < TT. This yields that 

C {1 + h-^\k\^) , for|fc|^fco, 

using again that \\ogh\'' s$ \logho\ . From (jXTSI and dXTO]) . we deduce that the 
upper bound in p.l4p holds. 

It remains to establish the lower bound in (I3.14p . which is slightly more tedious. We 
argue as follows. First, we notice that we can assume < /lo < 1 satisfies (ho)^ ^ fco, 
where fco > is the constant in p.isp . Recalling p.isp and using the fact that |fc| 
|(log|fc|)| is monotone decreasing on the interval {Ojh^] where ft, < 1, we obtain the 
lower bound 

l(log|fc|)l ^ |log(fe^/^)| 1 , ,,, 

— n 71— ^ — n 7-, — = 7:, tor fc ^ h^ . 

\\ogh\ ^ \\ogh\ 2' ' ' ^ 

As a consequence for all < ft ^ /lo, 

(3.20) forlfcKfti 

Next, by the same argument as in the proof of Lemma |3.3[ we have the general lower 
bound uj{k) ^ Ck^ for |fc| ^ tt with some constant C > 0. Therefore, 

(3.21) ^^^^2^ forlfcK^. 

f3{h) \\ogh\ 
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Note that — (log/i) = |logft,|, since in particular h < 1. Next, let < cr < 1 be given. 
We claim that, for ho > sufficiently small, there exists a constant A > (depending 
only on ft-o > and < cr < 1) such that 

(3.22) jbiftl''"^^^ ^ Ah-'^'^m^", for \k\ ^ hi. 

Indeed, let £ = 1 — cr. For |fc| hi , we see that 



llog/il /i-2'^|A:|2'^ \\ogh\ ^ \\o%h\ |log/i| 

Since e > 0, we see that /(/i) +cx) as ft, 0+. Hence, by choosing /iq > sufficiently 
small, we obtain that 

!(h) ^ A, for < ft < fto, 
where A > is some positive constant that depends only on fto > and < cr < f . 
This proves that estimate (I3.22p holds. In view of p.2ip . we deduce that 

(3.23) ^Cft-2-|fc|2^^ forft^^lfcKTT, 
/3(ft) 

where C > only depends on fto > and < cr < I. 
Finally, we recall p.20p and deduce that 

(3.24) i + ^^c(l + ft-2-|fc|2-), forlfcKfti, 

where we use that 1 + > C(l + [i^'^) for alH e M with < cr < 1 and (5 > 0, where 
C > only depends on cr and 5. Combining now p.24p and p.23p . we conclude that 
the lower bound in (|3.14p holds. This completes the proof of Lemma [3.41 □ 

Next, we proceed to study the relation of the scale of discrete Sobolev type norms 
II • llijs to the following (classical) discrete Sobolev norm given by 

(3.25) ll"/i|||i := {uh,Uh)Ll + {D+Uh, D+Uh)Ll 

Here denotes the discrete right-hand derivative on the lattice ftZ, i. e., we have 

(D^Uh)(Xrr,) := . 

For later use, we also derive the following uniform embedding estimate. 

Lemma 3.5. For every < cr ^ 1, there exists a constant C = C{s) > independent 
o/ ft > such that 

\\uh\\H?- s$ C\\uh\\Hi, WuhWn^ ^ CWuhWh}, 

" h h 

for all Uh E L\. 

Proof. Using the Fourier transform and Parseval's identity, we find that 

\\uh\\\^ = h r (1 + h-^n{k))\uh{k)\^ dk 

where 

n{k) :=2-2cos(fc) =4sin2(fc/2). 
The claimed bound follows from Parseval's identity, provided we can show that 
(1 + h-^^m'^") C(l + h-^n{k)), for |fc| < TT and ft > 0. 
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with some constant C ~ C{a) > independent oi h > Q. Indeed, we simply note 
that ri(fc) = 4sin^(A;/2) ^ '^^'^ f^'' 1^1 ^ Hence first of the desired inequahties 
fohows from the fact that (1 + Izp"") ^ C(l + z^) for all z S K, with some constant 
C — C{a) > 0, provided that ^ ct ^ 1 holds. Moreover, is easy to see that we have 
(1 + h^^i}{k)) > C(l + h^^k'^) for |fc| ^ tt and h > 0. This shows the second inequality 
stated in Lemma [3751 □ 



3.3. Interpolations and norm estimates. In this subsection we collect some tech- 
nical results about the discretization and interpolation of functions. More precisely, for 
a locally integrable function / : K. C, we recall that its discretization fh : KL ^ C is 
given by 

fh{Xm) = 



3. We 



f{x) dx, with Xm — hm and m S Z. 

Following [8], we define piecewise constant interpolation qhfh by 
(3.26) {qhfh){x) := fh{x„i), for x £ 

Furthermore, we recall its piecewise linear interpolation Phfh introduced in 
begin with the following simple fact. 

Lemma 3.6. For any ^ tr ^ 1 and f E H''{M.), we have that 

\\fk\\HZ^C\\f\\H^, 

where the constant C > is independent of h > and f. 

Proof. First, we note that, by standard interpolation theory, we have (with norm equiv- 
alences) that 

i7-(M) - [L\m), H\R)] , Hr, = [LlHl] for ^ a ^ 1. 

Hence, it suffices to prove the claimed bound for the endpoint cases s — and s = 1. 
Indeed, by the Cauchy-Schwarz inequality. 



{m+l)h 



f{x) dx 



E 



(m+l)/i 



\f{x)?dx=\\f\ 



To deal with the case when s = 1, we note that, by the generalized mean- value theorem 
and the Cauchy-Schwarz inequality, we have 

r-l 



\f{x + h)- f{x)Y dxi^h 



\f'{x + th)Y dtdx, 



for any interval / C M. Using this bound, the Cauchy-Schwarz inequality again and 
Fubini's theorem, we deduce that 

2 



\Dth\ 



ih 



{fix + h)- fix)) dx 

{m+l}h 



\f'{x + th)\ dtdx 



E 



ljn+l)h 



\f'{x + th)\^ dxdt 



"12 dt 



Wf'Wh, 

we obtain 



which shows that ||_D,"|^/;i||^2 ^ H/'Hl^- Finally, with help of Lemma 

\\h\\„i^c\\f4H.^c\\f\\H^, 
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with C > independent of h > and /. The proof of Lemma [3?6l is now complete. □ 

As a next result, we derive uniform estimates with respect to (fractional) Sobolev 
norms. 

Lemma 3.7. For all ^ a ^ 1, we have the bounds 

hhfhh ^ Wfhhl, \\Phfh\\H- C\\fh\\HZ, 

with some constant C > independent of h > and f. 
Proof. The bound for qhfh follows readily from 

hhfh\\l = J2 / \fkimh)\'dx^hY,\fhiXrr.)\^^\\fk\\l2. 

To prove the claimed bounds for Phfh, we argue as follows. As in the proof of Lemma 
13. 6[ we can use interpolation of norms to conclude that it suffices to prove the bounds 
for a = and cr = 1, i. e., 

(3.27) WPhfhh^CWfHhi, WPhfhWm ^CWfhWH]^, 

with C > independent of ft, > and /. Indeed, we note that 

Phfh{x) = qhfh{x) + ^{D^ fh){Xm)tl^^^x^^^){x){x - Xra). 
■m 

Hence, using that ^ IL/ftHi^, we find that 

WPhfhh ^ hhfhh + Ai^WfhWLi + A, 

where 

m m 

Thus we obtain that \\phfh\\2 ^ C'II/ziIIl^ , which proves the first bound in p.27p . 

To show the second bound in p.27p we argue as follows. From [8l Chapter VI], we 
recall that 

d , j_ s 

j^Ph^h = qh{Dl^Uh), 

where qhfh is the piecewise constant interpolation of fh defined in p.26p . Using the 
previous bounds, we have 

\\Phfh\\H^ ^ \\Phfh\\L^ + \\qh{Djjh)\\L'^ 

^C{\\fh\\L^+\\D+fh\\Ll)^C\\fh\\Hl^C\\fh\\H}. 



where we used Lemma [3T5l in the last inequality. This completes the proof of the second 
bound in (|3.27p , and hence Lemma 13.71 is proven. □ 

We conclude this subsection with a technical fact that will be used below. 

Lemma 3.8. For any f e L^(M) and g G H^(R), we have 

\\Phfh - fh a"*^ \\Ph9h - gllffi as ft ^ 0+. 

Moreover, if v Cz H"{M.) for some < cr < 1, then phVh ^ v weakly in H'^(M.) as 



14 



KAY KIRKPATRICK, ENNO LENZMANN, AND GIGLIOLA STAFFILANI 



Proof. For the strong convergence results in L^(M) and i/^(M), we refer to [H Chapter 
VI, Lemma 4.1]. 

The weak convergence resuh can be seen as foUows. Suppose that v € H"'{M.) for 
some < (J < 1. Then phVh — v strongly in as — > 0+. Let ft,„ — )■ 0"^ be some 

sequence. By Lemma 13.61 and 13.71 we have that sup„j,]^ \\Ph„Vh„\\H'^ < +oo. Hence, 
after passing to a subsequence if necessary, we can assume that Ph„''^h„ ~^ w weakly 
in H°'{R) as n — oo for some w € H'^{R). But since phVh — v strongly in L'^(R) as 
h — > 0+, we conclude by a density argument that w = v holds. Hence PhVh v weakly 
in i7'"(]R) as ^ 0+. □ 

3.4. Strong Convergence for Cf^ as h ^ 0+. In this subsection, we study the 
"continuum limit" of the operator C'l^ defined in p.2p . To this end, we extend the 
action of C'l to functions (/> e L-^(M) by setting 

(3.28) {Ci4>){,x) --^^jtY. ■hn\ W) - 4>{x - nh)] 



where P{h) is given in 

We readily check that ||/:^?!)||2 ^ Cl3{h)-^ J2n=i JnUh ^ Cl3{h)-^\\(l)\\2, and thus 
the operator £^ is bounded on L^(M). Moreover, we easily check that (C'l)* = C'l is 
self-adjoint. Furthermore, recalling the averaged discretization of w G i'^(M), which is 
Vh{xm) = J^"^^^ v{x) dx, we see that llwhUi^ ^ ||ti||2 by Lemma [3.61 Moreover, a 
simple calculation shows that 

(3.29) {Civ)Jx^)^{Civh)ix,r,). 

This identity says that we can first let Cf^ act on w e L^(R) and then discretize, or 
equivalently first discretize v and let the discrete operator £;( act on Vh € Lf^- This 
fact will be needed further below when we discuss the continuum limit. 
We conclude this section with the following convergence result. 

Lemma 3.9. Let < s ^ +cxd and suppose that J = ( J,i)J^i G with J ^ 0. Define 
a as in (|3.7p . Then, for every cj) G C(j"(M), 

£^0 c(-A)°0 strongly in L^{R) as h ^ 0+. 

Here c > is some constant that only depends on s and J . 

Remark 3.2. Putting it differently, this lemma says that the family of bounded self- 
adjoint operators £^ converges strongly as /i ^ 0+ to the unbounded self-adjoint 
operator c(— A)" acting on L?{M.) with dense domain C5^(M). 

Proof. By taking the Fourier transform T on M, wc find that 

Hi^im) = ^(''J)^fc|L lfc|'>(fc)' for a.e. fc G R, 

where </> = J-{(t>) and ljj{z) 2^^^^ J„[l — cos(nz)] with z G M. Let fc G M with fc 7^ 
be fixed. If s 7^ 1, then f3{h) — h^" and hence, by Lemma [A. 11 

Lolhk) ^{'^) 
1™ , ,, ,„ — lim , ,„ — c, 
h^Q I3{h)\k\^°' z-^O 

for some constant c > 0. If s = 1, we have f3{h) — — \og{h)h^ . Letting z = hk with 
k ^ fixed, we conclude in this case, by using Lemma lA. II again. 

uj(hk) ,. w(z) 

hm -T7TTTTTT = — hm — " 



h-^o I3{h)\k\^ ^-^0 log(z/fc)|z|' 
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for some constant c > 0. In summary, we conclude that for any < s ^ +00 the 
pointwise convergence 

F{Ci4>){k) c|fc|2«,^(fc) for a. e. fc G M as /i 0+. 

To turn this into strong convergence in (M) , we derive bounds uniform in ft, > and 
then use the dominated convergence theorem. First, we assume that s ^ 1 and hence 
^(/i) = h?°'. In this case, we have, by Lemma 

uj{hk) 



\hk\ 



^ 2c, for \hk\ < zq, 



where zq > is some small constant depending only on J. On the other hand, we have 
the upper bound \u){hk)\ < 4^^^ J„ < A for some ^ > 0. Therefore, 



uj{hk) 



|/ifc|2" 



A 



C, for \hk\ > zo- 



{hk) 



/3(/i)|/c|2 



^ C for all ft, > and k £ 



Combining these bounds, we conclude that 
Hence, 

\J'iCi(t)){k)\ ^ C|/cp"|0(A:)|, for a.e. A: e M, 
with some constant C > depending only on s and J, provided that s 7^ 1 holds. Note 
that / |A:p"|<?!)(A:)p < +00, since (j> belongs to C^(M). By the dominated convergence 
theorem, we deduce that 

J^{Cicl,){k)-c\k\^"${k) 



dfc — ^ as h 



0^ 



which completes the proof of Lemma [3791 provided that s ^ 1 holds. 

To complete the proof for the special case s = 1, we note that /3{h) — (— logft)ft^. 
I iog{z)z^ I ^ C for |z| ^ zo with some constant zq > by Lemma [AjJ we deduce, 
for \hk\ ^ Zq, that 



uj{hk) 




ui{hk) log(ftfc) 


m\k\' 




log(ft)log(ft/fc)|ft2fc2| 



c 



(l + |fogfc|): 



|log(ft)| ^ llogftol 

where we assume without loss of generality that < ft ^ fto < 1. On the other hand, 
using that |a;(ftfc)| ^ 4^^^ J„ ^ C, we find that 



uj{hk) 



m\k\ 



C 



C 



for \hk\ ^ Zq, 



|l0g(ft)ft2F| ^ |log(fto)z2|' 

and < ft ^ fto < 1. In summary, we have shown in the case s = 1 that 

\F{Ci(t)){k)\ ^ C(l + |log/c|)|A:n<^(fc)|, for a. e. fc e M, 

with some constant C > depending only on J and ftg > 0- We easily check that 
the integral ^{\ + \\ogk\f\k\'^\(i){k)\'^dk is finite, since e C^(K). By dominated 
convergence, we deduce that Lemma [3.91 also holds when s — \. □ 



4. Discrete Evolution Problem and A-Priori Bounds 

Suppose that J — {Jn)'^=i & A^s for some < s ^ +00. Let £■[ be the discrete 
operator defined p.28p above. We consider the initial-value problem 



(4.1) 



i-^Uh{t, X„i) = {Liuh){t, Xm) ± \u{t, Xm)\^u{t, X^), 



Uh{Q,Xm) = Vh{Xra) 

We record the following simple fact. 



with m e Z. 
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Proposition 4.1 (GWP in L^). The initial-value problem (|4.ip is globally well-posed 
in L\. That is, for every initial datum vu G L\, there exists a unique global classical 
solution Uh €E C^{[{),oo)] L\) that solves (I4.ip . 

Moreover, we have conservation of energy and L\-mass given by 

Eh{uh) = ^iuh,ciuh)Li ± ^ll"/!!!!^' 

h 

Proof. This follows from standard arguments. Indeed, we consider the integral formula 

uu{t) = e-''^--v T I f er^^-'^^i \uu{s)\'' u,,{s) ds. 
Jo 

Note that {e~'*^''}tgK is strongly continuous unitary one-parameter group on i^^, since 
£"1 is self-adjoint. Moreover, note that Uh i-^ is locally Lipschitz on thanks 

to the embedding || • ^ || • Wi^ for sequences. A simple fixed point argument now 
yields local well-posedness in where the local time of existence only depends on 
||u/i||^2. Global extension then follows from L^^-conservation. Finally, note that any 

solution Uh e C°(K;L^) is automatically a strong classical solution, since -^Uh G 
by the equation itself, since € L| (because £;( is a bounded operator on LfJ and 

e as previously remarked. 
The proof of the conservation laws follows from a simple calculation. □ 

Next, we derive the following a priori bounds for solutions Uh to (|4.ip . 

Lemma 4.1 (A priori bounds). Let Uh E C^{[0,oo);LfJ solve (|4.ip . Suppose that 
J = {Jn)^=i belongs to JCs with some ^ < s ^ +oo and assume that Ji > 0. Define 
(7^sifO<s<l,a~l— e for some £ > small if s = 1, and a = 1 if s > 1. Then 
if s > and s ^ 1 we have the uniform a-priori bound 

sup ^ C{\\vh\\m)- 

If s — 1, for any < T < oo, we have the bound 

sup \\uh{t,-)\\Hi i^C{T,\\vh\\H})- 
te[o,T] 

Here the constants C > are independent ofO<h^ho with Hq > sufficiently small. 

Proof. The global a-priori bounds follow from conservation of Eh{uh) and Nh{uh) and 
Lemmas 13.21 and 13.31 Indeed, in the defocusing case (with -|- sign) , we immediately 
obtain the a-priori bound 

Wit, -Wh. ^ C\\uu{t, -W^, ^ C{E{vh) + N{vu)) ^ C{\\vh\\HO^ 

where we used Lemmas 13.21 and 13.31 In the focusing case, we use Lemmas 13.21 and 13.31 

and (u/i,u;i)^2 = const., to deduce that 

E{uH)^\WfH.~C\\uXHt 

for any fixed 1 ^ ctq > -j- Since cr > i by assumption, we can ensure that < 2 
holds. From this bound we deduce that ||M/i||^rj — )■ -foo implies that E{uh) — > -|-oo. 
Hence, by energy conservation and E{uh) < -l-oo, we can deduce the a-priori bound 

SUp\\uhit,-)\\H- < C{\\vh\\Hz). 
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Now we turn to the a-priori bound for the integer discrete (classical) Sobolev norm 
\\uh{t, Ollffi defined in ()3.25p . By Lemma \3l5\ we can use the equivalent norm • \ \ tti 

h h 

instead of || • W^i. 

By Duhamel's formula, 







where we write Ufi{t) to denote Uh{t,Xm) with m e Z, etc. Taking the discrete right- 
hand derivative , we obtain that 

\\D^u,{t)h. ^ \\D+e-^'^iv,\\^.+ f\\D+{e-''^'-^^''^u,{s)\'u,{s)}\\^.ds. 

<J 

We have that I?^e^**''''> — e^'*'^''!?^, since £j[ commutes with translations on /iZ. 
Moreover, recall that e"**'^'' is unitary on L\. Hence, 

\\Dtuh{t)\\Lii^\\D+VH\\Ll+ I \\D+{\uh{s)\^Uh{s)}\\Lids. 

JQ 

By the Leibniz product formula for , 

D^{uhVh){s) = Uh{s)D^Vh{s) + D^Uh{s)vh{s + h), 
and the uniform embedding Lemma 13.11 for cr > ^ , we deduce that 

\\D+{\uu{s)\'uh{s)}\\li ^ C\\un\\l^\\D+un{s)\\Li < C(||«,Jhj)PK(s)IIl^, 

where we also used Lemma 13.31 and the a-priori bound on ||ut,||^r'' derived above. In 
summary, we see that 



\\Dtuh{t)\\q ^ \\D+Vh\\q+C / \\Dtuh{s)\\Lids. 

Jo 

By Gronwall's estimate, this implies that 

sup \\D+Uhit)\\L2 !S:C{T,\\vh\\Hi,\\vh\\H^J, 
te[o,T] " 

for any fixed T > 0. Noting that ^ C||ti/i||^i by Lemma [3.5[ we complete 

the proof of the desired a-priori bound for The proof of Lemma 14.11 is now 

h 

complete. □ 

5. Proof of Theorem 12.11 

For the reader's convenience, we first recall the hypotheses and definitions from 
Theorem 12. II We suppose that J = (J„) G iCs for some ^ < s ^ +oo and Ji > 0. Let 

s if i < s < 1, 
1 ifs^l. 

Let P{h) as in Theorem 12. II Assume that < /iq < 1 is sufficiently small and consider 
the lattice /iZ with < h ^ Hq. Suppose that v e if"(M) and let Vh = Vh{xm) be its 
discretization defined in (12. 6p . Note that by Lemma 13.81 we have phVh v weakly in 
i/"(M) as /i — > 0+, where ph is the piecewise linear interpolation defined in (|2.5I) above. 
Finally, let Uh = Uh(t,Xm) denote the corresponding global solution to the discrete 
evolution problem (|2.ip with initial datum w/j e L^. 

Let T > be a fixed (but otherwise arbitrary) time. As a first step in the proof of 
Theorem 12. II we derive the following uniform bounds for PhUh{t) and dtPhUh{t) . 
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Bounds for phUh{t) in H"{M.). Let M :— supq^/j^,,^ |lp/iW/t||i/°- Note that AI < +00 
for Hq > sufRciently small, since phVh ^ v weakly in i?"(K) as /i — > 0+ as mentioned 
above. Now, we claim that 

(5.1) sup \\phUh{t)\\H^ 

t6[0,T] 

where C > is some constant that only depends on /iq, s, T and M . To prove (jS.ip . we 
first recall from Lemma [3.71 that 

\\phUh{t)\\H^ ^ C\\uh{t)\\H-. 

Next, by Lemma |4.1[ we have the a-priori bound on [0,r] given bjQ 

sup \\uh{t)\\H^^ C{T,\\vh\\H^^). 

te[o,T] 

Finally, we have the general bound ||w/i||_ff" =^ C||''^||_ff" by Lemma 13.61 with C > 
independent of /i > 0. Hence, we deduce that (|5.ip holds. 

Bounds for dtPhUh{t) in H^°'{M.). We claim that 

(5.2) sup \\dtPhUh{t)\\H-'' C, 

te[o,T] 

with some constant C > that only depends on ho, s, T and M — supQ^,^^f^^ WPhVhWH" < 
+00. Indeed, from (|2.ip we obtain the estimate 

where we refer to the definition of the dual norm || • ||rr-Q in Appendix IB] below. By 
Proposition [B2I and the previous bounds, we conclude 

IIAV(t)||H- sup \\uhmH^^^C{T,\\vn\\H^J. 

tG[0,T] 

Furthermore, we deduce that 

\\\uh{t)\wmH-^ ^ \\\uh{t)\wmH^^c{T,\\v,,\\H^), 

where in the last step we used the Leibniz rule, the uniform embedding Lemma 13. 1[ 
and again the uniform bound on ||w/i(i)||//a on [0,T]. Hence, we have shown that 

sup \\dtUh{t)\\^-c. ^ C 
te[o,T] 

for some constant C > that only depends on ho,s,T and M — supQ^f^^j^^ WPhVhWH"- 
From Proposition IB. II we have 

h 

with some constant C > independent of > 0, and the fact that ph commutes with 
dt, we deduce that (|5.2p holds. 



■To be precise the time dependence on T only appears when s = 1. 
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Weak-* compactness. By the uniform bounds (|5.ip and ()5.2p . we deduce by the 
Banach-Alaoglu theorem that 

(5.3) Ph,Uh^ u weakly-* in L°°([0, T]; i7"(R)) as n oo, 

(5.4) dtph„uh„ dtu weakly-* in L°"([0, T]; iJ-"(M)) as n ^ oo, 

with some sequence /i„ — ^ as n — > cxd. Note that, by standard arguments, the fact 
that u e L°°([0,T];iJ"(R))nW^i'°°([0,T];i7-"(R)) implies that u S C°([0, T]; ^^(r)). 
In particular, the notion of an initial condition for m(0) is well-defined. Next, we recall 
thatpftu,i(0) ^ u weakly in H"(]R) by LemmaEH we deduce that m G C°([0, T]; ^^(m)) 
satisfies 

u(0) = w e i7"(M). 

Next, we claim that the limit u — u{t,x) solves the following initial- value problem: 

( u e L°°([0,r];iJ"(M)) n VFi'°°([0,T];i?-"(R)), 

(5.5) I idtu^ c{-A)°'u±\u\^u, for a.e. i e [0,r], 
[ m(0) = v e iJ"(R). 

Here c > is some suitable constant chosen below. 

Proposition 5.1. Let T > be given and suppose that u ~ u{t,x) solves ()5.5p . Then 
u G C'^([0, T]; i?"(R)) holds and u ~ u{t,x) is the unique solution given by Proposition 
above. 



Proof. From standard theory for abstract evolution equations, we deduce that u = 
u(t,x) solving (|5.5p satisfies the integral equation 

M(i) =e-**(-^)°w-z / e-^(*-")(-^)°|M(s)|2u(s)ds. 
Jo 

Note that the map u |upu is locally Lipschitz on 7?"(R) C L°°(M) when s > ^. 
Hence we deduce that u G C°([0, T]; _ff"(R) and we can now apply Proposition 12. II □ 

To conclude the proof that the limit u ~ u{t, x) in ()5.3p and (|5.4p is the unique 
solution of (|5.5p . it remains to show that 

(5.6) idtu = c{-A)°'u±\u\^u, for a.e. t e [0,r], 
where c > is some constant. Note that, by (15. 4p . we directly have that 

(5.7) / {^,idtPh„Uh„it)) dt / , idtu{t)) dt as n^oo, 
Jo Jo 

for every $ S L^([0, T]; i7"(R)), where (•, •) denotes the usual inner product on L^(M). 

Next, we claim that 

(5.8) / {^,ph,,Ci^Uh^{t)) dt^ ($,c(-A)"u(t)) as n^oo, 



for every $ g L^([0, T]; 7J"(M)). By a density argument, it suffices to prove this claim 
for $(t,x) = f{t)wix) with / G C^([0,r]) and w € C^(R). For /i > 0, we define the 
usual discretization Wh G by setting 

1 



h ^ ^^^^ 

Since a ^ 1 and w G C(J°(R) C if^(R), we can apply Lemma [3.81 to conclude 

\\phWh - wWh" ^ C\\phWh ~ w\\hi ^ as /i-^ 0+. 



20 



KAY KIRKPATRICK, ENNO LENZMANN, AND GIGLIOLA STAFFILANI 



Furthermore, recah the uniform bound \\phC'l^Uh{t)\\H-a ^ C. Hence 

{Phr,Wh„ - w,ph^Ci^Uh„{t)) ^ C\\ph^Wh^^ - w\\h^ ^0 as rn- oo, 
for every t S [0,T]. Thus it suffices to show that 

(5.9) / {fph,^Wh„,Ph„Ci^Uh,St)) dt^ i {fw,c{-A)°'u{t)) dt as n oo, 
Jo Jo 

for every / = f{t) e C^([0,T]) and w = w{x) e C^{M.). Next, by LemmaEH we see 
that 

{ph„Wh„,Ph„C-[^Uh„it)) ^ {ph^Ci^Wh^,ph„UhSi)) for every t e [0,r]. 

From (15. 3p we can assume that ph„Uh„{t) u{t) weakly in _ff"(R) for a.e. t E [0,T]. 
Furthermore, we now claim that 

(5.10) PhCiwh c{-A)"w strongly in L^{R) as h ^ 0+. 
To show (|5?T0| . we first recall from ((3?29| that 

where the action of C'l on the function w — w{x) is given by 

{Ciw){x) = —5— V J|„|(w(x) - w{x - nh)). 

Applying Lemma 13.91 we obtain that 

(5.11) ||£;[u;-c(-A)"w;|]2 ^ as h ^ 0+ , 

where c > is some constant. Using the bound ||p/i/;i||2 ^ C'll/IU by Lemma [3?7l we 
conclude 

WphCiwh - ci-ATwh = \\ph{Ciw)h - c(-A)"zi;||2 

< \\Ph{Ciw ~ c{~Arw)nh + \\Ph{c{-Arw)n ~ c(-A)"«;||2 
i^C\\Ciw-c{-^rwh+o{l), 

where o(l) — ^ as — > 0+, thanks to the fact that \\phfh ~ /II2 as /i 0+ for any 
/ e L2(R) by LemmalSm (Note that (-A)"w e L2(R) since w G C^(M).) Using now 
(lETTI) . we deduce that ((5?TU| holds. 

In view of (jS.lOl) and by the dominated convergence theorem for the integral with 
respect to we find that 

{fPh„Wh„,Ph„Ci^Uh^{t)) dt / {fc{-A)"w,u{t)) dt as n ^ 00, 

JO 

for every / = f{t) € C^([0,r]) and w = u;(a;) G C^(M). By density this extends 
to w € ff"(R). Since u{t) e iJ"(R) for a.e. t e [0,r], we can integrate by parts to 
conclude that ()5.9p holds, and hence the claim (j5.8p follows. 

It remains to show weak-* convergence for the nonlinear part. That is, we have to 
show 



(5.12) ±/ {^,phS\nhSi)?Uh^{t))) dt^± ($,|M(t)|2w(i)) d< 



as n — )■ 00, 



for every $ G L^([0, T]; i?"(R)). Again, by a density argument, it suffices to show this 
claim for ^{t,x) = f{t)w{x) with / e C^([0,T]) and u; e C^(M). 
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Next, we note that 

\\ph{\uhit)\^uh{t))\\^ ^ c\\\uhit)\^uh{t)\\Li ^ cwuhimi^wuhmLi ^ c, 

using Lemma 13 .71 and the fact that ||u;j(t)|jLoo ^ C by Lemma l3.1l and l4.1l In particular, 
we can assume that Ph{\uh{t)\'^Uh{t)) converges weakly in L^(R) for a. e. t e [0,r]. 
However, from [5], we recall that Phfh f weakly in L^(R) if and only if qhfh f 
weakly in L^(]R), where the piecewise constant interpolation qhfh was defined in (|3.26p . 
Thus it remains to show that 

(5.13) {w,qh„{\uh„{t)\^Uh^{t))) ^ {w,\u{t)\^u(t)) as n^oo, 

for every w e C^f (R) and for a. e. t g [0, T]. 

Indeed, from (|5.3p and by local Rellich compactness, we can assume that Ph„Uh„ (t) — > 
u{t) strongly in ^^^^(R) for a. e. i € [0,T]. Next, from (5], we recall the general fact 
that phfh^ f strongly in if and only if qhfh ^ f strongly in Lf^^{R). Since we 

clearly have that g/i„(|u/i„(i)pUft„(t)) = \qh„{uh„{t))\'^qh„{uhr,{t)) and using the uni- 
form bound ||it/i(^)||L^ ^ C, we can use the dominated convergence theorem to deduce 
that (|5.13p holds. This completes the proof of claim (I5.12[) above. 

We are now ready to complete the proof of Theorem 12.11 From the previous discus- 
sion we know that the limit u £ L°°([0, T]; F"(R)) n W'^'°°{[0,T]; R-'^iR)) given in 
and ((5^ satisfies 

/ {^,idtu)dt^ I {^,ci-A)°'u)dt± [ {'^/,\u\^u) dt, 
Jo Jo Jo 

for every * e L^{[0,T]\ H°'{R)). In particular, we deduce that ([E^ holds. This 
completes the proof that the limit u ~ u{t,x) solves the initial- value problem (15. 5p . By 
Proposition the solution u — u{t,x) is unique and satisfies u e C°([0, T]; _ff"(R)). 
In particular, the limit u = u{t, x) is independent of the chosen subsequence /i„ — 0. 
The proof of Theorem 1 is now complete. I 



Appendix A. Asymptotics for a;(fc) 

Lemma A.l. Let J = ( Jn)5?Li ^ /''^ some < s ^ +oo and suppose J ^ 0. Define 
the function 



(k) :— J„ [l — cos(nfc)] . 



Then there exists some finite constant C > such that 

hm — — = 6, 
fe^o 6{k) 

where 

\k\^", ifO<s<l, 
6ik) = { (-log|fe|)|fe|2, tfs = l, 

ifl<s^+oo. 

Remark A.l. In the case when J„ = n^^^'^'', this result could be inferred from known 
expansions of uj{k) in terms of the polylogarithm. Below, we give a proof that rests on 
more elementary arguments. 
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Proof. By symmetry, it suffices to study the Umit as A; — > 0^. We divide the proof into 
the following steps. First, we treat the special cases, where 

Jn - r^-l-2^ 

treating the subcases 0<s<l, s = l, and s ^ 1 separately. Finally, we turn to the 
general case J € JCg- 

Case Jn — n^^^^" with < s < 1. Let fc > in what follows. For J„ = n^'^~'^^ 
with < s < 1, we write Lij(k) as 

OO T 

Passing to the limit A: — ^ 0+, we notice that 

CO ^ nOQ cos X 

lim > -- — TT— Tl — cos(n/c)] — i r— — dx, 



which can be easily deduced from [3 . Integrating by parts and using an integral table, 
we find 

r- l-cosx 1 r-sinx ^ _ 

^ io ^'+'^ 2s io 45r(2s)sin(s7r) 

where we clearly Cs > holds. Hence, we conclude that limj,^o+ k^'^^ijj{k) — 2Cs > 
holds in this case. 

Case Jn = n^^. First, we recall that '^'^^i^^) — — log(2 sin(A;/2)) for 

< A; ^ TT holds. Integrating this identity twice, we obtain 

V — I"! - cos(nfc)l = - / / log(2 sin(t/2)) dt dz, for < fc ^ tt. 

Clearly, we have log(2 sin(t/2)) = log 2 + log(sin(t/2)) and moreover log 2dtdz = 

i^^fc^ = C'(fc^). Hence it remains to consider the integral involving log(sint/2) only. 
Now we substitute u = sin(t/2) and integrate by parts, which yields that 

^sin(2/2) 

log(sin(i/2))d< = / log(-u)- 



2 

|.sin(z/2) ^ 

= log(sin(z/2))z — 2 / — arcsin(u) du 

Jo u 



Using the series expansion arcsinu = u + 0{v?'), we find that 

rk j^z i*k 

I \og{sm{t/2)) dt dz =^ log(sin(z/2))z + ©(z^). 
lo Jo Jo 
Next, we integrate by parts again in the integral over z to conclude that 

' 11 /■'"' 

log(sin(z/2))zdz = -log(sin(fc/2))fc2 / cot{z/2)z^dk 

2 4 Jo 

= ilog(sin(fc/2))fc2 + 0(fc2)^ 

where we used that cot(z/2) = 2/z + 0{z). Since hmi,_^o+ '°^^iog(fc)^^^^ = 1, we conclude 
that 

lim 

fe-s-o+ log(fc)fc2 2 
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This completes the proof of Lemma [A. II for Jn ~ n ^. 

Case Jn — n^^^^^ with s > 1. Since n^^^'^ is finite in this case, we deduce 

that uj'(k) and uj"{k) both exist and are given by 

sin(nfc) „ cos(nfc) 



n—l n—1 



Note that u;(0) = and a;'(0) = 0. By rHospital's rule, we find that 



oj{k) _ oj"{0) 



1 °° 1 1 
o E ;3I3T = :jC(2. - 1), 



lim 

fc^o+ k'' 2 2 n 

n—l 

which is finite, since 2s— 1 > 1 by assumption. This proves Lemma fA. II for J„ = n~^~^* 
when s > 1. 

Case J — {Jnj^^i G A^s- First, we consider the case such that < s ^ f holds. Let 
A = lim„^oo n~^~^^Jn. Note that < ^ < +oo since J e ICg- Let e > be given. We 
claim that we can find fco > such that 

(A.2) < + forO<fc<fco, 

S{k) 

where Cg > is the constant in (jA.ip and S{k) denotes the function introduced in 
Lemma lA.ll above. Since e > can be made arbitrarily small, this estimate would 
show that limfc^o+ S{k)^^uj{k) = CgA, as desired. 

To prove (jA.2[) . we note that, since J„ G ICg by assumption, there exists an integer 
N = N{e) ^ 1 such that 

A-e ^ A+e 
^^^J^^^;T+2I^ for TV. 

Splitting = J2n<N • • • + X^ri^w • • • ^'^"^ using that J„ ^ and 1 — cos(nfc) ^ 0, we 
deduce that 



j{k) ^ ^ J„ [1 - cos(nfc)] +{A + e)J2 [l - cos(nfc)] 

/ A -\- \ oo ^ 



n 

= : I{N,e,k) + II{e,k). 

Since I{N, e, k) is a sum of finitely many terms, we can expand cos(nfc) to conclude 
that I{N, £, k) = O(fc^) as A: — O"*". Since moreover < s ^ 1, we can find fco > such 
that 

I{N,e,k) 



S(k) 



< e, for < fc < fco- 



Moreover, from the previous discussion, we deduce that ^^g^^il'^'' — >■ {A + e)Cs as fc -+ 0+, 
where Cs > is given by (jA.l[) . Hence, by choosing fco > sufficiently small, we deduce 

f^e+{A + e)Cs, forO<fc<fco, 

which is the claimed upper bound in (jA.2[) . The proof of the lower bound follows from 
analogous arguments using that J„ ^ ^'^^ ^ -^(^)- 

Thus we have shown that (jA.2l) holds for arbitrary e > 0, and this completes the 
proof of Lemma [A. II for J e /Cs with < s ^ 1. 
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Finally, it remains to treat the case J € Kg with 1 < s ^ +00. Since X^J^i '^^ Jn < 
+CXD in this case, we can deduce in a similar fashion as for J„ = n^^^^" with s > 1 that 

The proof of Lemma lA.ll is now complete. □ 

Appendix B. Dual Bounds and Integration by Parts 

Recall the definition of || • in p.ip with ^ cr ^ 1. We define the corresponding 
dual norm by setting 



I'W/iIIh— sup 



We have the following fact. 

Proposition B.l. For any ^ cr ^ 1, we have 

WphfhWH-" < cWfhWH-" 

h 

with some constant C > independent of h > and fh- 

Proof. This claim is easily verified for a ~ (see Lemma 13. 6|) and a — 1 (by calcula- 
tion using also the equivalence of the norms 11 • llfvi and 11 • lliji by Lemma 13. 5p . By 

h h 

interpolation of norms (as in the proof of Lemma 13. 6p we deduce the bound for all 
cr 1. □ 

Next, we have the following estimate. 

Proposition B.2. Suppose that J = (J„)5^i satisfies (Al) and (A2) with some < 
s ^ +00 . Let a — s for < s < 1 and q = 1 for s ^ 1. Then there exists a constant 
C > independent of h > such that 

for all Uh G Lf^. 

Proof. This follows from estimates derived in the proofs of Lemma l3.3l and l3.4l Indeed, 
with the notation used there, we find that 

{vh,Ciuh)Ll\^h J (1 + ^) \vh{k)\\Mk)\ dk 



with some constant C > independent oi h > 0. Here we used the estimates for 
(1 + derived in the proofs of Lemma [3.31 and [3^ □ 

We have the following technical result. 
Lemma B.l. Let C'l be as above. For any Wh,Uh ^ L\, we have the identity 

{phWh,PhCiuh) {phC(wh,PhUh) , 



where {f,g) — f{x)g(x) dx is the usual inner product on _L^(I 



Proof. First, we recall that (with x = mh and to € Z) 

{phWh){x) = ^ Wh(a;m)l[a;,„,a:„ + i)(2:) + ^{D'lwh){Xm)t[x^:x^+i){x){x - Xm), 
m m 

where 1a{x) denotes the characteristic function of the set A C M. Using this, we 
conclude that 

{phWh,PhCiuh) h'^Wh{Xyn){Ciuh){Xm) 

+ \h'' {D+Wh){x^){Ciuh){x^) 

ra 

+ ^ Wh{x„r){D'l C-luh){x„i) 

+ ^h' [D+Wh){x^){D+Ciuh){.Xm). 

m 

Since (C'l)* = C'^ is self-adjoint on L\ and using the commutation relation D^C'^ = 
C'[D^, we easily derive the claimed identity. □ 

References 

[1] M. Ablowitz, B. Prinar, and A. Trubatch. Discrete and Continuous Nonlinear Schrodinger Sys- 
tems. London Mathematical Society Lecture Note Series, No. 302, Cambridge University Press, 
2004. 

[2] T. Cazenave and A. Haraux, An introduction to semilinear evolution equations. Oxford Lecture 
Series in Mathematics and its Applications, volume 13. The Clarendon Press Oxford University 
Press, New York, 1998. 

[3] D. Dickinson. Approximative Riemann-sums for improper integrals. The Quarterly Journal of 

Mathematics. 12:1 (1941), 176-183. 
[4] R. L. Frank and E. Lenzmann, Uniqueness and nondegeneracy of ground states for (— A)°Q -1- 

Q - = in R. Preprint available at arXiv: 1009.4042 

[5] Yu. Gaididei, S. Mingaleev, P. Christiansen, and K. Rasmussen. Effect of nonlocal dispersion on 

self-trapping excitations. Phys. Rev. E 55:5 (1997), 6141-6150. 
[6] Yu. Gaididei, S. Mingaleev, P. Christiansen, and K. Rasmussen, Effect of nonlocal dispersion on 

self-interacting excitations. Phys. Lett. A 222 (1996), 152-156. 
[7] P. Gerard. Private communication. 

[8] O. A. Ladyzhenskaya. The Boundary Value Problems of Mathematical Physics. Applied Mathe- 
matical Sciences, No. 49. Springer- Verlag Newr York, 1985. 
[9] N. Laskin, Fractional Schrdinger equation. Physical Review E66, 056108, 2002. 

[10] P.-L. Lions. Quelque methodes de resolution do problemes aux limites non lineaires. Dunod, 
Gauthier Villars, Paris, 1969. 

[11] R. de la Llave and E. Valdinoci. Symmetry for a Dirichlet-Neumann problem arising in water 
waves. Math. Res. Lett. 16 (2009), no. 5, 909-918. 

[12] S. Mingaleev, P. Christiansen, Y. Gaididei, M. Johannson, and K. Rasmussen. Models for Energy 
and Charge Transport and Storage in Biomolecules. J. Biol. Phys. 25 (1999) 41-63. 

[13] S. Samko, A. Kilbas, and O. Marichev. Fractional Integrals and Derivatives: Theory and Appli- 
cations. Gordon and Breach Science Publishers, Amsterdam, 1993. 

[14] Y. Sire and E. Valdinoci. Fractional Laplacian phase transitions and boundary reactions: a 
geometric inequality and a symmetry result. J. Funct. Anal. 256 (2009), no. 6, 1842-1864 

[15] P. L. Sulem, C. Sulem, and C. Bardos. On the continuous limit for a system of classical spins 
Comm. Math. Phys. 107:3 (1986), 431-454. 

[16] V. E. Tarasov, Continuous limit of discrete systems with long-range interaction J. Phys. A. 39 
(2006), 14895-14910. 

[17] V. E. Tarasov and G. M. Zaslavsky, Fractional dynamics of systems with long-range interaction 
Commun. Nonlinear Set. Numer. Simul. 11 (2006), 885-989. 

25 



26 



KAY KIRKPATRICK, ENNO LENZMANN, AND GIGLIOLA STAFFILANI 



University of Illinois at Urbana-Champaign, Department of Mathematics, 1409 W. Green 
Street, Urbana, IL 61801 

E-mail address: kkirkpataillinois.edu 

Mathematisoiies Institut, Universitat Basel, Rheinsprung 21, CH-4051 Basel, Switzer- 
land. 

E-mail address: enno . lenzmaimaunibas . ch 

Massachusetts Institute of Technology, Room 2-246, 77 Massachusetts Avenue, Cam- 
bridge, MA 021,38 

E-mail address: gigliolaSmath. mit.edu 



